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Abstract Let VV be an underlying universe and A be a set of boundaries, (V,II.I,A) be a (a —
) —soft real Banach space and (P,A) € S(V) be a soft subset of V, in this paper some sufficient
conditions for the existence of common fixed point of (07 —1,23) contractive mappings satisfying
contraction type conditions in (07 - 1/3) cone metric spaces are generalized and obtained.
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1. INTRODUCTION

Molodtsov [15] introduced the concept of soft sets as
another numerical device for managing vulnerabilities
and has shown a few uses of this hypothesis in taking
care of numerous commonsense issues in different
disciplines like as economics, engineering, etc. Maji et
al. [13, 14] studied soft set theory in detail and
presented an application of soft sets in decision
making problems. Chen et al. [2] worked on a new
definition of reduction and addition of parameters of
soft sets, Shabir and Naz [18] studied about soft
topological spaces and explained the concept of soft
point by various techniques. Das and Samanta
introduced a notion of soft real set and number [4],
soft complex set and number [5], soft metric space [6,
7], soft normed linear space [8, 9]. Chiney and
Samanta [3] introduced the concept of vector soft
topology, Das, et al. [10] studied on soft linear space
and soft normed space.

In 2007, Huang and Zhang [11] introduced cone
metric spaces with normal cone as a generalization of
metric space. Rezapour and Hamlbarani [16] presented
the results of [11] for the case of cone metric space
without normality in cone.

In this paper, concept of (a — 1) —soft cone
metric space which is based on soft elements is
discussed. In Section 2, some preliminary definitions
and results are given. In Section 3, concept of (a —
) —soft cone metric according to soft element is
defined. In Section 4, some fixed point theorems for
contractive mappings on (a — ) —soft cone metric
spaces are proved.

2. DEFINITIONS AND PRELIMINARIES
Definition 2.1.[15] LetV be an initial universe
and Abe a set of parameters. Let P(V) denote the
power set of V. A pair (F,A) is called a soft set over
V, where Fis a mapping given by F: A — P(V).
Definition 2.2.[13] Let (F, A) and (G, A) be two soft
sets over a common initial universe V.

s (F,A) is said to be null soft set (denoted by ¢), if

VAEAF(A) =¢. And(F,A) is said to be an

absolute soft set (denoted by V), if VA€
AFQ) =V.

“(F,A) is said to be a soft subset of(G,A) if VA €
A FA)<SGA) and it is denoted by
(F,A) € (G,A). (F,A) is said to be a soft
upperset of(G,A4) if (G,A) is a soft subset
of(F,A). We denote it by(F,A) 3 (G,A). (F,A)
and (G, A) is said to be equal if (F,A) is a soft
subset of (G,A)and(G,A)is a soft subset of
(F,A).

“+The union of (F,A)and(G,A) over V is (H,A)
defined as HA)=FA)UGQ),VAEAWe
write(F,A) U (G, 4) = (H, A).

“The intersection of (F,A) and (G, A)over Vis
(H,A) defined asH(A) =F(A)NG(A),VAEA.
We write (F,4) A (G, A) = (H,4).

++The Cartesian product (H, A) of (F,A) and (G, A)
over V denoted by (H,A) = (F,A) X (G, A),is
defined asH(A) = F(A) X G(A),V A € A

<+ The complement of (F, A) is defined as (F,A)¢ =
(FC, A) where F¢: A — P(V)is a mapping given
by FC(A)=D\F(A),vAeA for all A €A
Clearly, we have V< = ¢ and FC = 7.

<+ The difference (H, A)of (F,A)and (G, A)denoted
by (F, A)\(G,A) = (H,A) is defined as HQ) =
F(M\G(A),V A €A

Definition 2.3.[4, 6] Let A be a non-empty parameter
set and Z be a non-empty set. Then a function h: A —
Zis said to be a soft element of Z. A soft
elementhofZis said to belongs to a soft set (F, A)of
Zwhich is denoted by h € (F, A) if h(A) € F(A),VA €
A. Thus for a soft set (F, A)of Z with respect to the
index set A, we have F(A) = {h(A):h € (F,A), A€
A.In that case, his also said to be a soft element of the
soft set (F, A). Thus every singleton soft set (a soft set
(F,A) of E for whichF(Q)is a singleton set, V A € A)
can be identified with a soft element by simply
identifyingthe singleton set with the element that it
containsv A € A.

Definition 2.4.[4,6] Let R be the set of real numbers
and Abe a set of parameters and B(R) be the
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collection of non-empty bounded subsets of R. Then a
mapping F: A — B(R) is called a soft real set, denoted
by (F, A). If specifically (F,A) is a singleton soft set,
then after identifying (F, A) with the corresponding
soft element, it will be called a soft real number. The
set of all soft real numbers is denoted by R(A) and the
set of non-negative soft real numbers by R(A)*.

Let # and § be two soft real numbers. Then the
following statements hold:

e 7 Z5,ifF() <S5V AE A4,

§5,ifF(A) <5, VAEA,

5,iff(A) = §(A),VA1EA,

» 7> 35,ifF(1) > 5,V AEA.

’0

4

>

DK
=
LIVEA

*

(d
=

’0

Proposition 2.5.[6]

< For any soft sets(F,A),(G A)eS(V), we
have(F,A) € (G, A) if and only if every soft

element of (F, A)is also a soft elements of (G, A).

+ Any collection of soft elements of a soft set can
generate a soft subset of that soft set. The

soft set constructed from a collection Bof soft
elements is denoted by SS(B).

< For any soft set (F,A) € S(E),SS(SE(F,A)) =
(F, A); whereas for a collection B of soft

elements, SE(SS(B))  B,but, in
general SE(SS(B)) # B.

Definition 2.6.[9,10]

% A sequence {Z,}of soft elements in a soft normed
linear space (Z,II.Il,A)is said to be convergent
and converges to a soft element Z if|| Z, — Z I 0
as n — oo. This meansfor every €S 0, chosen
arbitrarily, Janatural number N = N(é)such that
0 2l Z, — # II< éwhenever n > Nie. n>N =
Z, € B(Z,€), (where B(Z,€)is an open ball with
centre Zand radiusé).

% A sequence {Z,}of soft elements in a soft normed
linear space(Z,|I.ll,A) is said to be a Cauchy
sequence  inZif  corresponding to  every
€ S 03anatural numberN = N(é)such that|l Z,, —
Z, IS €Y m,n > Niel Z, — Z, |- 0as n,m -
o,

% Let(Z, .1, A)be a soft normed linear space. Then
Zis said to be complete if every Cauchy sequence
of soft elements in Z converges to a soft element
of Z. Every complete soft normed linear space is
called a soft Banach space.

Definition 2.7.[6] Let Zbe a non-empty set and Abe
non-empty a parameter set. A mapping d: SV (Z) x
SV(Z) —» R(A)*is said to be a soft metric on the soft
set Zif d satisfies the following conditions:

> d(2,2,)S0,v4,%, €7

> d(Z,7;) =0,ifand onlyif Z; = Z,.

> d(7,%) =d(% 7)Y 5,7, € 2.

> d(2,2;) 2d(2,75) +
d(Z;,2,),¥ 71,25, %; € Z.

The soft Zwith a soft metric don Zis said to be a soft
metric space and denoted by(Z,d, A) or (Z,d).
Proposition 2.8.[10] Let (Z,1I.ll, A)be soft normed
linear  space. Let us  defined:ZxZ -
R(A)*byd(Z;,2;) = kz, — Z;k,V 2,7, € Z. Then dis
a soft metric on Z.
3. (@ — ) —SOFT CONE METRIC SPACES
Definition 3.1. Let(V, II.1I, A)be a (& — 1) —soft real
Banach space and(P,A) € S(V) be a soft subset of
V.Then (P, A)is called a (& — ) —soft cone if and
only if
1) (P,A)isclosed, (P,A) #+ pand (P,A) # SS{(0),
2) d,beR(A), 7,7 € (P,A) = az + bz, €

(P, A),
3) 7 €(P,A)and —Z; € (P,A)implies Z; = 0.
Given a (& — ) —soft cone (P, A) € S(V), we define
a (@—1) —soft partial ordering <with respect to
(P, A) by
7, X 5if and only if Z,—Zz € (P,A). We
writeZ; < Z, whenever, Z; <2, and Z; # 2,
whilez; < Z;will stand forz, — Z; € Int(P,A) where
Int(P,A) denotes the interior of(P,A). The cone
(P,A) is called normal if there is a number k > 0,
such that v 2;,%, € V, we have 6 2 2; < 2, =1 Z; |l
<klz|

The least positive number satisfying this

inequality is called the soft normal constant of (P, A).
The (& —1)) —soft cone (P,A) is called regular if
every increasing sequence which is bounded from
abowve is convergent. Equivalently the cone (P,A) is
called regular if every decreasing sequence which is
bounded from below is convergent. Regular (& —
) —soft cones are soft normal and there exist
(& — ) —soft normal cones which are not regular.
Throughout the Banach space V and the cone (P, A)
will be omitted.
Definition 3.2. Let Z be a non-empty set and Z be
absolute soft set. A mapping d:SV(Z)x SV(Z) -
SV(Z) is said to be a (@ — ) —soft cone metric on Z
if d satisfies the following axioms:
[1] d(5,%,)€Z,i.e.0 2d(Z,7,),V 2,2, €Z and

d(Z;,73) =6 ifand only if Z; = Z3.
[21 d(z,2)=d(%,7),V 7,2, € Z.
8] d(Z,%)<Rd(7,2) +d(2, %),V 5,5, 7, € Z.
Then, the (& — ¥) —soft set Z with a soft cone metric
don Zis called a (& — ) —soft cone metric space and
is denoted by (Z,d, A).
Hence, it is obvious that soft cone metric spaces
generalize (& — 1) —soft cone metric spaces.
4. MAIN RESULTS
Theorem 4.1 Let(Z,d,A) be a complete (@—

) —soft cone metric space and T,S:(Z,d,A) -
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(Z,d,A)be any two soft contractive mappings,
satisfying for each 7,2 € Z
(& -)[H(Tz55) 2 (a
— P){alF{d(Z,7) + d(TZ SP)}]
+B [F{d(Z”, T7) +d(7,59)]
+y[F{d(Z,5y) + d(§,T2)}]
F{d(Z,59) +d(TZSy)}
1—-F{d(Z,Sy)d(TZ, Sy)}

+X[d(z, 37)]}

- 1 1
Z,a+,8+y+§6+x<§;a,ﬁ,y,6,x

1
€ o]
and 1 - F{d(Z,,Tz")d(TZ,,Tz*)} > 0. Then
T and S has a common fixed soft element in Z. For
eachy,z € Z, the iterative sequence {T™Z} converges
to the fixed soft element.
Proof: For each Z; € Zand n > 1,Z; € T(Zy),.........,
Zn+1 € T(Z;)by iteration method, we have a sequence
{z,} of soft elements in Z

Vy,Z €

Vol. 8, No. 1, March-2023

Hence F[d(Zpi1, Z)] = L"F[d(Z1, Zp)]
Forn > m we have
F[d(?;ﬁ Z;'n)] < F[d(friu Zn—l) + d(’Z?_-{, ZE)
toin +dEmr1, 7))
S[IMT+ L2 4+ L3 4 L 4
+ L™ F{d(Z, Z,)}
Lm o
=7 Fld(z, 20}
For a natural number N,let
that = F{d(2,2,)} 2 &,V m > N,.
Thusd(Z,, 7,) < ¢for n >m. Therefore {Z;}is a
Cauchy sequence in Z. Since (Z,d,A)is a complete
metric space, 3 z* € Z such that Z,, —» z* as n - o,
Choose a natural number N,such
that F{d(Z,13,Z)} < (1 = ) gand F{d(Zy7,29)} <
(1- f)g,Vn > N,. We have
(@—P)d(T7*, 7)) < FIH(TZ,, TZ") + d(TZ,, Z°)
< (& - ){alFld(Z, 7") + d(TZ;, T7))]
+B[F{d(Z,, TZ,) + d(z*,T7*)}]
+y[F{d(Z, Tz") + d(TZ,,z°)}]
F{d(z;, Tz*) + d(TZ, Tz")}

¢ <0 such

By letting 7, =TZ,2, =TZ; = 1-F{d(z, Tz*)d(TzZ,, Tz*)}
T25, oy oy = TZ5 = T oo +F[d(TZ,, z*) + X[d(Z;, Z, 1) ]
Then, <(a
Pld(Znr1, 7] < PIH(TZ, S7,77)] (alF{d(Z, 2% + d(Zzr, TZ)}) + BIF{A(Z;, Zny) + A (77, TZ7)
< (@ - P)alF{d(Zy Zasr) + d(T2, 57, 1) ~ ! y[Fld(Z, TZ) + d(7m, 79))]
[ F{d(Z, T%;) + (7, 57,73)] 1l))\ FUGTE) + G 7Y |
+ ,Bl +')/[F{d(Zn,SZn_1) + d(zn—l'TZn)}] 1-— F{d(?{, T?)d(z 1,T?)} + N[ (ZTL' Zn—l)]
| s PG S + AT ST 5 D)l Fd =)+ dom 15
O Az s + a0z, sz 4Gzl (@~ P)alFd(Z, ) + d(Zp, TZ))]
G\4nyoZn—1 nwO4n-1 d(Zn' Zn+1)
<(a lﬂ){a[F{{d((%Z.Zn_l)) +d((Z’n‘+T.ZI))]}] +B|F {+d(;,T;)}]
[ Fld(zy zp1) + Az, 23 +Y[F{dZ, T7) + d(Zry, 7))
+8]  praen A+ s Bl } HFld(Er, 7)) + R[d(Z 2]
ZnZn) + d(Zni1, 70 — < (a 1,[)){0( [F{d(Z,,z*) + d(Z,;71,2%)
[Fo1- F{d(Z,, 7)) d(Zy1, 7))} + Kld(z 7o) +d(z*, Tz9))]
< (@ = P)alF{d(Z;, 2,2) + d(Znr1,Z))] + BIF{d(z;, z°) + d(7,Zi77)
F{d(Z Zn+1) + d(zn 1 Zn)] + d(;*,TE*)}]
+B | +y[F{d(z,=1, Zor D3] + 0[F{d(Z71, Z)] d(zp,z*) +d(z%,Tz*) — =
XA 7] [ ey )| Pl
6& ! V) {a f{d@’ Zno1) + d(Zi1, 7)Y ~a f)F[d(TtNLd)(]% Zn-1)]]
Zny Zn+1 - zz -
{+d(zn . zn)] < F{ d(Z;,z9)}] }]
+ )/[F{d(Z‘,{, Zni) T d(Zn—l,’Z:)}] B +f[F£d(Zn+1’ Z*)
+0[F{d(Zos, Z)} + x[d(jggni);]) ey
~ T ZnrZn+1 ~ T Zn zr
<@-Dj@rpenr|fgrd] < w){[ {"'[F{ s )}] + FldG, )1}
+ 6[F{d(Zpi1,Z)}] Where,f = a+ 8 +y + X
* Nz, Z"_l)]} ig{[j((zhz i})]+ F{d(Zs, 79} + Fd(@Zy, 29}
= (a- &)[d(zém,%;)] T
at+p+y _ E & ¢
=z (a+B+y+6 +N))F[d(Z”’Z”‘1)] Szt3ztz=6vnzh,
Where —2+8+7

1-(a+B+y+6+K)
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Thus F[d(TZ,z)] < —,Vm=1,S0,-—
F[d(Tz* z*)] € (P,A),Ym > 1. Since% -0 as
m — ooand(P, A)is closed, —F{d(Tz* z*)} € (P, A).
But, d(Tz* z*) € (P, A). Therefore, d(Tz* z*) €
(P, A) = 0and so, Tz* = z*. Now if z™ is another soft
fixed point of T. Then F[d{z* z*)] =
Fld(Tz*,Tz™)] < t[d(Tz* z*) + d(Tz™,z")] = 0.
Hence z* € Tz* = z* = z* € Tz™. Therefore, z* is a
soft fixed point of T. Similarly, it can be established
that z* € Tz* =z* =z* € Sz*. Thus z* is the

common soft fixed point of T and S.

Theorem:4.2. Let (Z,d,A) be a (&—1)) —soft
cone metric space and let T,S:(Z,d, A) » CB(Z) be
any two multivalued mappings satisfying 7,2 € Z,

(@ —P)IH(TZ,57)]

< g max (d

- ¢)~[F{d(z~, $),d(2,TZ),d(3,59),d(TZ,5y)}]
Vy,Z € Z,and q € [0,1].
Then T and S has a common fixed (&—1)) —soft
element in Z. For each ¥,z € Z, the iterative
sequence {T™Z}converges to the fixed (& — ¢) —soft
element.
Proof: For each
7, € Zand n>1, 2, € T(Z), , Zn1 ET(Z)
by iteration method, we have a sequence {Z,} of soft
elements in Z by letting

2, =T2,2; =TZ = T2y, oo, Ty = TZ0=
Tz
Then,
(@ =P)d(Zr, Z)] < (@ - P)[H(TZ,, SZ,77)]
< qmax[(@
— P)d(Z,, 2321), d(Z, TZ), d(Zp=7, SZp=1), d(TZy, SZ

<q max[(d - 1,[7)
—{d(Z;,2,21), d(Z;, Zn31), A2, 71, Z3), A(Zn11, 7)) 3]
< qmax[(@ — P){d(7:71, %), d(Zor1, 7))
< q[(@ - P){d(7;, Z-D)]
= (@ =) [d(Z77,Z0)] < q"F[d(Z, 2)]
For n > m we have
(&—)[d(Zy, 7)]
< (a-P)[dZ, 7o)
+d(Z 1, Zn3) F e e e
+ d(Zmi1)Zm)
<@-PG+q" 2+ + 7+
+ qmF[d(Z1, Z,)]
T (@ D))
For a natural number N; let
that%d(é],z}) <&vVm= N,

Thus d(z,,z,,) < ¢for n > m. Therefore {Z,} is a
Cauchy sequence in Z. Since (Z,d,A) is a complete
soft metric space, 3 z* € Z such that z, — z* as n —
o, Choose a natural number N, such that

q

<

¢ <0 such

=So

March-2023

d(Zn1,Z) < A— D)% and

(1- E)S,Vn > N,. We have

(@ —P)[d(T7*,z*)] < F[H(TZ,, TZ*) + d(TZ,, %)

<q max[(o?

- P){d(Z, ), d(Z,, TZ,), d(2", TZ*), d(TZy, TZ)}]
+(@ - P)[d(TZ;, 7)]

d(Zpi1,2°) <

< qgmax[(a
_ﬁ){d(?ﬁ'?)’d(%' Z,l+1),d(?,T?),d(
+(@ - P)[d(@, 7]
o + (@ —P){d(z*, 7;)d(z*, TZ)}]

= F[d(Tz*,z*)] < ¢,Vvn= N Thus
F[d(TZ,Z)] <=,V m 2 1, So.=— F[d(TZ",Z°)] €
(P,A),vm = 1. Since i — 0 asm — ooand (P,A) is
closed d(Tz*, z*) € (P,A). But, d(Tz* z*) € (P, A).
Therefore, d(Tz* z*) € (P,A) = 0and so, Tz* = z*.
Now if z*= is another (& — 1)) —soft fixed point of T.
Then

Fld(z*,z™)] = F[d(Tz*, Tz™)] < t[d(Tz* z*) +

d(Tz*,z*)] = 0.

Hence z* € Tz* = z* = z* € Tz*. Therefore, z* is a
(& — ) —soft fixed point of T. Similarly, it can be
established that z* € Tz* = z* = z* € Sz*. Thus z* is
the (& — ) —soft fixed point of T and S.

Tz*)}]

Zn+1r

CONCLUSION
In this paper the concept of soft cone metric spaces via
(& — ) —soft element is introduced and the work has

been done on the (& — ) —soft convergence of soft
sequences and soft Cauchy sequences in such spaces.

gﬁ fixed point theorems of contractive mappings on
"(&=p) —soft cone metric spaces have been
discussed. There is adequate degree for additional
exploration on soft cone metric spaces. This paper is a
premise to deals with the previously mentioned
thoughts.
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