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Abstract- The use of permutation method in evaluating a detemt offers several advantages in addition to
the determination of the associated value. Amohgraobenefits, the method assists in the sequegeizdration

of the associated terms as well as the permutagoles of the symmetric group of the same order. g2yper
aims to explore the underlying novel concepts ef tise of permutation in evaluating a determinat it
application in the modern day mathematical analyses
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1. INTRODUCTION 2y ay. Az~ Az
The origin matrices and determingitg] can be d31 A3z d33 d3n
traced in the concept that first emerged when : : : :
resolution of the system of a number of linear an1  dn2  an3 ann
equations with the same number of unknowns and

. - . n n-1)! 1 23 n
were being sought by the mathematical minds back &X7=1Xi=1 = €ij €ij€ij = - - €}
the second century BC. However, the development X 1
really got underway with the reappearance of tleaid whereej; € {1,2,3, ...... » N}, E k=n, such thae;;

until the end of 1% century. During evaluation of the = 1 for all I'written (n-I)times vertically downwards
determinant of a square matie (a;) of ordern[3], 23S the first column and for 1<k, g is one among

it is observed that each term of the determinaffe remaining (”'(ké'_})) symbols each written (n-k)!
consists of the product of the unique element cheafimes following €% correspondingly, in the
row and a unique element of each columnieSPective order 2, k3 ........ , n of their occurrence
Consequently each term appears as a product of Or J>1 the elements’igare obta_lned by shifting (by
elements and the value of the determinant as asfum@dding 1 to the corresponding symbols of the
such niterms. Since Zij<n and the corresponding Preceding column) and the sign is prefixed as state
symbol representing the element beingt is natural e Sign-rule.

that the element in each term can be rearranged (if . . .
necessary)such that the value of i(row) runs frota 1 T%Of' V\Le profve the tlheorem by induction. To begin
n in the same natural order whilst thepermutations with we have for n =

1 1
of the value of j then-after solely account thiderms Z Z 1_ ol ==
of the determinant. Representing the set G = e = L= A
. . j=1i=1
{1,2,3,......... nn} of the values of i and j by and the Hence the theorem holds for n = 1.

corresponding permutation @nby f, the sign of each
term is specified by multiplying it by (-1) wherek is

the number of elements oA mapped byf to all al2

For n,

something different. Iff partitions A, into disjoint
subsets, the rule is applicable separately to each
subset; the sign of the term is then the produdhef
signs (hereafter we specify this rule as the side)r
Moreover, from then! values of j specifying the
generation of the terms of the determinant, if alet

in account only those values of j for whitf) # j,

then the values determine the permutation cycles of
the symmetric groujs,. We now state and prove the
theorem that serves as the foundation of the pespos
work.

Theoreml : The determinant of a square matrix

A=(a;) of ordernis given by3],

158

a2l a22

Zj2=1 Y, eiljeizj =Z]-2=1(e%je%]-) =
12- Y% ,ejjef; = 12-21=
alla22 - al2a21 1

This shows that the theorem holds for n = 2.
For n = 3, we have

A1 Q12 Qi3
o1 G2 p3 :Zj3=1 212:'1 eiljeizje?j =
1 A2 g3

73 e1jerjer) _

= €2j€37€3) )
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1,2 ,3 i i
ei;erie;; a sum of the multiples of{1)!,(n-2)!,.... (n-n)! taking
= 1% +Z?=2e1]-e2]-e3]-= into consideraiigg"’%l?i&tF t the multiple of (n-
A 1)/denotes the number of stepsinvolved for the
-132-213-321 L . : .
determination of column in which the element lies
_ whilst the multiples of §-2)!, (n-3).,...... , (N-(n-1))!
= 8118283 T QoBpadsr At I ' s
— B8 - A — N indicate the number of steps involved within the

2

This proves that the theorem holds for n = 3

well.

Now to prove the theorem by induction,
assume that the theorem holds for a positive imtage

column to determine the position of th¥ 29 .....(n-

1)" element respectively. As the last element is the
agltimate remaining one or has no choice, the mleltip
of (n-n)!being always 1.Thus the task can be

let USaccomplished by dividingn-1 by (h-1)! and then the

remainder again byn{2)!and so forth. In the instances
where multiple of f-1)! is a non- zero integer we

=m. . ) L9

Then replace it by zero and find the corresponding pmsit
aj; ' a;, ais aim in the first column; the non-zero value can then be
ay, a, dz3 aym applied to determine the position of the columneTh
az; Az, Ass Az | = above discussion leads to the generation of the

: : : : following proposition.
dm1 (?nrgi), ?mj , dmn Proposition: For any positive integem<n! the m"
2iZ12icy  EijEijEjj e e eff e (3) term of the determinant of As(pof ordern the m"

The signs being as specified in the sign-rule. Therm is given by =[Tr-, Sn(n — k)!, wherek denote
expression (3) reveals that for each k, tHeclumn

is the product of k and the corresponding deterntinavalue of S,(0< Sn <n—k)for k=1,2,3,
of order m-1 generated from the remaining symboldenote the steps we move ahead

k+1, k+2,

the column (of arrangement of elements) and the

to determine the

....... m, 1,2, ...., k-1 on the basis of thesymbols §;, €,........,&%; respectively constituting

permutation of the digits. This accounts for the- (mthe term.

1) terms on each column. Moreover, for each k, the

elements of R column can be obtained by adding k-11.2 Formula for deter mining the distribution of the

to the corresponding elements of the first colummumber of cycles of different lengths

This means that the validity of the expression dor

determinant depends merely on the validity for th@roposition:In a symmetric group of ordex(S,), the
determinant of order less by 1 than it. Also the af number of cycles of lengthk; k<n is given
assigning signs holds k € N. Consequently, the by

theorem must hold for m+1 assuming it to be true fqn — 1)(n —2) e e .. (= (k= 1)) + -+ ... . + (k= 1D)!/r!
m. This in other words means that: where the first digit in each case denotes the mumb

of columns (in case oftterm) or groups within the

ag aiy a13 A1(m+1) 1% column, starting from the bottom (in case of other
a; asy dz3 A2(m+1) terms), between which the cycles with their numbers
azq azy azs aA3(m+1) denoted by the product of the remaining digitshe t
: : : : term are divided. In case of the product of thgods
Am+1)1 Am+1)z  A(m+1)3 A(m+1)(m+1) cycles we apply the formula successively for each
m+1 m!

— 1.2.3
= z z eijei j o ...eij

=1 i=1

m+1

cycle with the subsequent digits ands the number
of times the cycle of same length is repeated.

Proof In a determinant of a square matAx(a;) of

Hence by the principle of mathematical inductiorprdern, there aren! elements in the form af columns

the theorem holds for all GN.

1.1 Formulafor determining any specific term

In a determinant of order there aren! terms in the
form of n columns each containing-Q)! terms. Let
us assume that we are to determinentiderm where

m<n!. On the basis of the above theorem, since

each containing (n-1)elements. Considering the
mapping f " from the set A=¢,2, 3......... ,n} of the
values ofi to the same sef of values ofj,
representing the term of the determinant. In this
mapping if we take into account only those digits
mapped byf to something different and rearrange
jhem such that each digit follows its image theis th

each column (and hence in the first column) thet fir @'rangement represents the permutation cycle of the
element occursnfl)! times, the secondch{2)! times
and so forth; the last term must then oceun) = 1
time and hence is fixed. Therefore, if we expmasss

symmetric group S, Thus the total number of
permutation cycles i®!. The permutation cycle is
even or odd according to whether the corresponding
term is positive or negative. Since a cycle doesn't
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change unless the relative position of the elemars — Q1802834843 + B 2203831944 — A3904832041 T+
changed, considering an element (a digit) as fioed

reference, we just havel degree of freedom for the = 14821833242
choices out oh digits. Thus we have-1 choices for

the first and hencen-2n-3n-4,......... n-(n-1),(n- ~ Q18396224 T Q1280426321 — A313e4u2 *
n)! choices for the second, thirdfourth,............ final & 4805831843
digit respectively. Further the first,2!,3!,........ (n-

1)! terms in the first column represent the permutatio 1 11823984942 — Q12824331843 + A4 3%19820u4 —

cycles of the symmetric group S, S, --oevvvvenny S
srespectively. The cycles of similar nature in thstl 1490283391

n-1 columns have to be addedSp, so as to account + Q11804950803 — Q1280183304 + 43502034801 —
the total cycles ofS, of the same nature. Also the

terms that lie in between difference between the cu14823831842

consecutive factorial notations liké-(n-1)!, ((n-1)!-

(n-2)1), ......,(2-11), (2'-0!) indicate the terms where ~ 218406302 T 21200186483 — A3B2%81844 *
there exist permutations of,n-1,n-2,....... ,2 digits Q14803932041

respectively. In case of the product of disjointleg

the number of digits left should be noted carefully

while applying for the following. If there arecycles (b) We have

are of same lengths the interchange among them .

give rise to no new permutation; so the resulbibé 233 X6+2x2+0x1+1

divided byr!in this case. _ Replacing 3 by zero, the
expression on the right becomes
2. ILLUSTRATION 0X6+2%x24+0x1+1

Use the permutation method to (a) evaluate>1=0, $=2, $=0, S=1 _
the determinant A= (3 of order 4 (b) * S,=0, .éij:l' The digits left in order are
determine it's 29 term (c) generate the2.3.4. Since $2, we move 2 steps forth

permutation cycles d&, after 2 which is 4. Thereforee4. The
digits left now in order are 2 and 3. Since
sol S:=0, we don't move ahead of 2. SH=e.
(a) We have, The last digit which is then fixed. Therefore,
S4=3
1 2 3 4 So,
Q1 % 3 g4 The term corresponding dok 6 +2 X 2 +
31 B> 3 dea| 0 X 1 + 1in the first column is 1423. Since,
Au1 2 M3 4 Sl:3 . .
4 3 shifting each digit 3 steps yields 4312. All
1 2 .3 4 the digits are mapped to different symbols;
Z € i e j so k=4.Hence (-)'= -1. So negative sign is
j=1i=1 assigned.
= 1234 -2341 +3412 -4123 . The corresponding term is -4312 or -
1493931842,
—1243 +2314 3421 +4132 (c)

—1324 —-2431 -3142 +4213
+1342 —2413 +3124 -—-4231
+1423 —2134 +3241 -4312

= 1234 2341  +3412 -4123
—1243  +2314 3421 +4132
-1324 -2431 -3142 +4213
+1342  -2413  +3124 -4231
+1423 2134 +3241 -4312

a; ap a; au
a1 axn a3 au
431 ax» A3 Ay
a4 A9 A3 aAu

— 1432 + 2143 —-3214 +4321 1432 42143 -R14 +4321
1234 1234 1234 1234
= Q1802833944 — A0Bp3034841 t A3Bad318U2 — Jf:f ’7:4]; . :j‘lz j‘é:
a14821%za43 —-4324 -2431 -3142 +4213

+4342 -2413  +3124 4231
4423 2134 +3241  -4312
-3 +2143  -3214  +4321
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(2)

1) (1234) (13)(24) (@(12pB of cycles of the symmetric group S
(3 4) (123) (1324) ") Sof: In S we consider the permutation on
the set A= {1,2,3,...... ,9}.By the use of
23 (124 (1342 (143 formula in  afore-mentioned in the
proposition, we can easily obtain the number
(234) (1243 (132) o4 of cycles of different lengths as shown in the
(243) (120 (134) (14p3 table below:
(The explanation of the distribution of cycles
(24) (12)34) (13 (1482 is given for the cycles of length 3 in S.N.3)
S.No.| Partition/cycle type Number of leyc
1 1+1+1+1+1 1(ldentity permutation)
+14+141+1
2 2+1+14+1+1+ | (8+7+6+5+4+3+2+1) =36
14141
3 3JH1+14+14+1+ | (BX7+7%x64+6xX5+5%x4+4%x3+3%x2+2x1)=168.
1+1 [seven each in the last eight columns + six eatheY groups of the first
column starting from the bottom each group contej(@-7!)/7=5040 terms +
five each in the six groups of the first colummlyiexactly on the top of the
above 7 groups each containind-67)/6=720 terms + 4 each in the 5 groups
of the £ column lying exactly on the topof the above6 g®epch containing
(6!-51)/5=120 terms + 3 eachin the 4 groups in thedlumn exactly on the
top of the above 5 groups each containingd¥4=24 terms + 2 each in the B
groups in the $column exactly on the top of the above 4 grouph ea
containing (4-3!)/3=6 terms + leachin the 2 groups in tfledlumn exactly
on the top of the above 3 groups each containihg!j®=2 termg
4 441 +14+1414+ | (BX7X64+7X6X54+6X5x4+5Xx4x3+4%x3x24+3x%x2x%x1)=
1 756
5 5+1+1+1+1 BX7X6X5+7XO6EXE5X4 4 vevennes + 4! =3024
6 6+1+1+1 8X7X6X5%X4+-----.4+51=10080
7 7+1+1 BXT7X6X5X4X3 4 e + 6! = 25920
8 8+1 8X7X6X5%x4x3x24+7!=45360
9 9 8X7X6X5x4x3x2x1=8=40320
10 2+2+1+1+4+1 | (Number of cycles of length 2 from 9 digits)(Numladicycles of length 2
+1+1 from the remaining 7 digit)/=36(6 + 5 + 4 + 3 + 2 + 1)/2! = 2221 — 378
11 2+2+2+1+4+1 | (Number of cycles of length 2 from 9 digits)(Numladicycles of length 2
+1 from the remaining 7 digits)(Number of cycles aidg¢h2 from the last
remaining 5 digitsg!=(36 x 21 x 10)/3! =1260
12 3+43+1+1+1 | (168(5X4+4x3+3x2+2x1)/2!=3360
13 2+3+1+1+1 36(6 X5+5%X4+4%x3+3%x2+2%x1)=168(5+4+3+2+1)
+1 = 2520
14 2+4+1+1+1 [366X5X4+5%x4Xx3+4Xx3%x2+3%x2%x1)=756(4+3+2+
1)=7560
15 24+2+34+1+1 [366+5+4+3+2+1)(4X3+ - +21) = 36 x 21 X 20 = 7560
16 4434141 756@ X 3 + -+ - + 21)=15120
17 2454141 36(6 X5 X4 X34 - 4) =3024(3+2+1) =18144
18 24+2+2+424+1 | 36%x21x10x3/4! =945
19 3+34+2+1 168 x 40 x 3/2! =36 x 70 x 8/2! = 10080
20 4+4+1 756 x 30/2! = 11340
21 54+3+4+1 3024 x 8 =168 X 144 = 24192

161
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22 6+2+1 10080 x 3 = 30240

23 2+2+4+1 36 x 21 x 30/2! = 11340

24 2+2+2+3 36 x 21 x 10 x 2/3! = 2520

25 2+2+5 36 X 21 x 24/2! = 9072

26 247 36 X 720 = 25920

27 3+3+3 168 X 40 x 2!/3! = 2240

28 3+6 168 x 5! = 20160

29 24+3+4 36 x 70 x 3! = 15120

30 445 756 X 24 = 18144

Conclusion Journal of Engineering, Pure and Applied

The use of the permutation method whil
evaluating a determinant of orderreveals
the sequential generation of itné termsin
the form ofn columns each containing-()!
terms. The concept of shifting helps in the
instant generation of the elements of a
column from the corresponding elements of
the first column and specification of any
particular term. The process involved herein
helps to develop the idea generation of the
permutation cycles of,0f varying lengths
and their sequential distribution. Moreover,
the concept can be applied to find out the
distribution of the cycles o8,; of similar
type from that of5,.
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