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Abstract- In this paper, the estimation problem for the unknoparameters of the log- logistic
distribution based on progressive type-ll censatath with random removals is considered, wherenthmaber
of units removed at each failure time follows adwmal distribution. We derive the modified maximum
likelihood estimators using the approach of Tiku &uresh [16] and Suresh [14], as the likelihoodatigns
are intractable of the unknown parameters. Als@ gigymptotic variance-covariance matrix of thareates is
obtained. Further, reliability characteristics agtdbution, confidence intervals and coverage piolities of
estimators are studied.

Index Terms- log- logistic distribution, binomial removals, maxim likelihood estimation, modify maximum
likelihood estimation, progressive type-Il censgrirvariance- covariance matrix, reliability chasadtics,
coverage probabilities

surviving units are selected at random and takdn ou
1. INTRODUCTION of the experiment, and so on. At the time of &
failure, the remaining n,,=n—-nr —r,—-—
n,—1 — m units are removed. Progressive censoring is
useful in both industrial life testing applicatioasd
e%]inical settings; it allows the removal of survigi
experimental units before the termination of thet.te

practical situation. It is used in survival anasysis a Balakrishnan and ~ Aggarwala [2] provided a

parametric model for events whose rate increasggmprehenswe reference on the subject of progeessi

initially and decreases later, for example monalit 'Cnedr!igtr:ar:jgtr?gtdsltihagglr:?aﬁlgncsénB:rl!(sr(Iashnn?:?n?gt'r
from cancer following diagnosis or treatment. lsha ! u Ise in clini

also been used in hydrology to model stream flod anwhere the drop out of patients may be caused by

precipitation (Rowinski et al. [8]), and in econasi migration or by lack of interest. In some reliatyili

as a simple model of the distribution of wealth o‘r’Xpe”meT‘tS’ an experimenter may decide that it is
income. It is also used to concentration-responé@aﬂopmp”a'{e or too dange_rous to carry on tharigst .
studies (Straetemans et al. [13]) in oncology. on some of the tested units even though these units

Censored sampling arises in a life testing experrtmehave not f"?‘"ed- In these cases, the pattern obve
whenever the experimenter does not observe tf%.eaCh.fa”ure is random. We assume .that, any test
failure times of all items placed on a life teshefe unit being dropped out from the_ life test is
are many cases in life testing experiments in whicwdepenqent of the oth_ers . but with the same
units are lost or removed from the test beforeufail probab.|I|ty p. In su_ch situation, the progressive
In medical or industrial applications, researcherse censoring .scheme. with random removals is reguwed.
to treat the censored data because they usualhptio For more information one can also refer Balkrishnan
have sufficient time to observe the lifetime of al@"d Aggrawala [2]. Ity =0;i=12,..,m—1 then
subjects in the study, progressive censoring reduces to Type Il censoring

A type Il censored sample is one for which and if ;=0;i=12,..,m and m=n then the
smallest observations in a sample wfitems are scheme reduces to no censoring i.e. case _of coemplet
observed. A generalization of type Il censoringais observed sample. Note that, in this

progressive type I censorng, Under s scheme, STETRLEL ot e ARene
units of the same kind are placed on test at tiere,z ’ PIe,

andm failures are observed. When the first failure i |. [17] derived the maximum likelihood estimatofs

L . he parameters of Weibull distribution and their
observed, a numbey of surviving units are randomly asymptotic variance-covariance based on progressive
withdrawn from the test; at the second failure time ymp prog

type-1l censoring with binomial removals. Wu and

In  probability and statistic the log-logistic
distribution, which is also known as Fisk distrilout
in economics is a continuous probability distributi
for a non-negative random variables. It has gain
special attention due to the importance of usinig it
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Chang [18] discussed the estimation problem basddnction, reliability function and hazard rate ftioo
on exponential progressive type-Il censored dath wi of the log- logistic distribution are given respeely
binomial removals. Wu [19] obtained the estimatordy:

of the parameters for Pareto distribution based on z(u)"“l

progressive type-1l censoring with uniform removals f(x) = Laz , x> u,a>0,8>0 (2.1)
Shuo and Chun [10] considered the estimation [1+(%) ]

problem for the Pareto distribution based on (ﬂ)“

progressive Type Il censoring with random removals. F(x) = £ x> pa>0,>0 (2.2)
Mubarak [7] discussed maximum likelihood 1+(T) s

estimation for parameter estimation based on the = ru) _%(%)

Frechet Progressive Type Il Censored data with () = RGO 1+ (8 X >pa>0,>0 (2.3)
binomial removals. Shanubhogue and Jain [9] studied A
minimum variance unbiased estimation in Paret ocation parameter and scale parameter respeciiel
distribution of first kind under progressive Typk | the distrigution P P y
censored data with binomial removals. Srinivasa RaEet (X, Ry, (X Ry, o) (X, R.),  denote  the

et al. [12] studied reliability estimation problerw .
the log-logistic distribution from censored sample§rOgreSSIVer Type I censored sample where
using modified maximum likelihood approach.X1 <Xy << Ko . .
Further, Srinivasa Rao [11] studied estimation of . Using Fhe.above mentlolned assumptions, the
system reliability for log-logistic distribution. condmon.al | I|keI|hoo(;j ;urll%tu;_n d{:())rc Lype—ll

In this paper we discuss the problem Of?c)rﬁg\lrvessweycensore model defined by Coheng4] a
estimation of location parametergiand scale ' m
parameter of the log-logistic distribution based on L(a,u,B;x/R =) =TC T2 f s ap, BY(1
progressive type Il censored data with binomial F(xi)) ' (2.4)
removals. The parameters in log-logistic distriboti Where C=nn—n-1)n—-nr—-nrn—-2)-(n—-
are estimated by classical method of estimatio}X” 'r, —m + 1) andr; can be any integer between
namely maximum likelihood estimation (MLE), and0 and (n—-m-r,—nr,—--—1,_;) for i=
it is an iterative solution of ML equations. 1,2,..,m — 1. Herer, = 0.
Approximations and modifications to the maximumThus the constarf is the number of ways in which
likelihood (ML) method of estimation in certain them progressively type-1l censored ordered statistics
distributions to overcome iterative solutions of ML may select.
equations for the parameters suggested by marshe conditional likelihood function of the log-latic
authors [for examples Tiku and Suresh [16], SuresHistribution is
[14], Asgharzedsh [1] etc]. Tiku and Suresh [16]L(a,u,ﬁ;x/R=r) —
modify maximum likelihood estimators as the - D

here the parametess, u andp are shape parameter,

N2 Ti
likelihood equations are intractable of the unknown, ., %(X‘ﬁ#) ' 1

parameters obtained modified maximum IikelihoodC =1 [1+(ﬂ)a]2 +(m>“

(MML) estimates by making linear approximations. B B

Further Srinivasa Rao G. et al. [12] obtain MML m ("i[;")(“‘“
estimate of scale parameter in two parameter log- =C Bm =1 T e @2¥Ti (2.5)
logistic distribution. This paper is organized as [“(lT)]

follows. In Section 2, we give model assumption anduppose that the numbers of removed items are
derive the likelihood of log-logistic distributiaimder  independent and have the identical probability mass
progressive type Il censored data with binomiafunction
removals. Section 3 deals with estimation of ey = (M"T™ rq _ ynemeny
parameters by maximum likelihood estimationP(R1 =n) = ( n )p a-n
(MLE). In Section 4 we discuss the modified” = 0,1.2,..,n—m (2.6)
maximum likelihood estimation (MMLE). In Section and
5, we discuss the observed Fisher information matri P(Ri =7i/Ri-1 =7i-1,Ri_y =i, ., Ry =11) =
reliability characteristics, confidence intervaleda (n—m — Yicin Ti(1 _ p\n-m=Si_ 7

teristics, ( Jpric = pyrmthan 27)
coverage probabilities of estimators. T
Where, rn=012,..n—-m—(+r,+ -+
Ti-1), 1=12,..,m—1
Suppose thak; is independent of;, so we can write

P(R,p) = P(Rm—1 = Tm1/Rm—2 = Tz, Ry

2. MODEL ASSUMPTION AND
LIKELIHOOD FUNCTION

Suppose that the lifetime of the unit follows the log- =1)PRm— = Tm—z/Rim_3
logistic distribution with parameters, ux and 8. The =Ty g, Ry =1y) % e
probability density function, cumulative distribori *P(R,=1,/Ry =1,)*P(Ry =1,)
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Therefore, al 1 -1

T SU Y
P(R,p) = C—— l),nm fn ,pzl U1 — ou ( )izl z; \ B
p) - mm-D Mmoo (2.8) @+ -1
The likelihood function of progressive type-ll (1+ 2,5 %4 <?> =0
censoring with random removals is defined as :
follows, using the assumptions thatis independent | herefore,

.. al a-1 m -1 a m (247

of x; for all i: a=—(7) iy +(E) =111,.9) zFt=0
L(a,u,B,p,x,R) = L(a,i, B,x/R=7)P(R =1) (3.4)

(2.9)

where L(a,u, 8,x/R =1)is the likelihood function
for a progressive type Il censored scheme defined 0l

(2.5).
Letz; = 2F i=12-,m
The likelihood function (2.9) is
L(a,uB.p,x,R) =

Cn-m)! A" AT smt e
(n m— Zl 1 rl) Hl 1 rl (B) i= 1(1 )2+rlp =1 (1
p)r-mm-1)- T m=dr (2.10)
L(“,M,ﬁ,p;&;ﬂ) -

m (a m—
c(3) ﬁlﬁpz (1 -
p)(n—m)(m—l) 21_1 (m-=ir; (2_11)

c(n—-m)!

whereC* = — -
(n—m—Z'{’;ll Ti)! H{le ;!

3. ML ESTIMATION OF PARAMETERS
a,u, pANDp

The log likelihood function of equation (2.11) iwgn
by
l= lnL(a, u B, o x, E) = In(C*) + mlna — minp +
(a—DX2 Inz; —>7,2+1r)ln(z*+ 1) +

2 ninp + (n—m)(m — 1) =X (m -
Hr)ln (1 —p) (3.2)

Since the probabilty P(R=7r) is free from
the estimation of this
parameter can be directly driven from log of ecurati

parametersa,u and p,

(2.8)
dlnP(R=r) Z:nl Ti [(n—m)(m—l)—zgzzl(m—i)ri] -0
ap p 1-p

(l—p) min—m-m)(m-1p+
pXitii(m—Dr,=0
min-pREtn+ (i -m)(m - 1) -

Y m = Drl =0

Therefore, we have

A Z:n1 Ti

b= (m-1)(n-m)-377 Tm-i-Dr; (32)

Differentiate (3.1) with respect tn u and g, we
obtain
al m

— m
e o T2t lnz —

m zEZl i
L2+ =063

(2+1))

oL _ (a1 ym .—1_(Z> m ) ja-1
au_(ﬁ>zl 1% p) 4= (14,5 % =0

B GX_DZZL( Zl)

m
_ Mazgx—l <_Zi) =0
i=1 A+z% " B
Therefore,
o _
ap
_m_ a__l m -1, a m (2+1y) a _
B ( B )Zl:l Zi % + (B) =1 (1+Zi)a) t 0
(3.5)
al m+<a—1>i .
E I Zi "z
B\ B )L
m
(a) 2+n) 0
_ (= S
ﬁ = (1 + Zi)a) !

Equations should be referred to in abbreviated form
e.g. “Eq. (1)". In multiple-line equations, the nien
should be given on the last line.

Displayed equations are to be centered on the page
width. Standard English letters like x are to appesa

x (italicized) in the text if they are used as
mathematical symbols. Punctuation marks are used at
the end of equations as if they appeared directthé

text.

4. MODIFIED MAXIMUM LIKELIHOOD
ESTIMATION OF PARAMETERS pu
AND B

We assume here that shape parametein
equation (2.1) is known. The ML equations (3.4) and
(3.5) do not have explicit solution farandg. This is

a-1
due to the fact that the tern:q(z)—HZa is

intractable. The solution of equations (3.4) and)3
can be evaluated numerically by some suitable
interative procedure such a Newton-Rapshon method
for given values ofn,m,R,x). To derive the
modified maximum likelihood estimators which are
asymptotically fully efficient we will use Tiku and
Suresh [16] approach to approximate ML equations

zZe- 1

for u and B by linearizing the termg(z) = T
using the Taylor series expansion aroundghantile
point of F i.e.tyy = E(Z)).
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First order of approximation of;"* andg(z;) =
fiaz_ll around quantile point dgf are:

z7 =y~ Pz (4.1)

where

B =— %Z_l = _Z_Z]Z:ti =t7% a;, = g:(t) +

B1;9:'(t) = t;71 + t;7%t; = 2t

92(2) = g2(t;) + (z; — t)) g, '(t;)
= (g2(t) — t;92'(t)) + g2/ (t)z;
= Ay, + ﬁZiZi (42)
Where
Bz; = 92'(t)
_[d z% 1 (A +z9(— 1)z%72 — z8 gz~
T ldz14z0 (1 4 z%)?
3 (OL _ 1)Z¢x—2 _ ZZoc—Z
(1 + z%)2 2=t;
_ (a—l)tia_z—tiza_z
= ey and
ay; = g(t) —t;g'(t)
t_a—l
= -t ti
aQ+t%

(@— D2 -
*
(1+t,%)2

2a-1 2a-1

_ (1+tia)t'ia—1—((X—l)t’ia_1+t'i _ (Z—G)fia_1+2fi
N (1+£,%)? B (1+£,%)?
The approximate value of obtained from the solving
equation

t; i
d = ———= .
f@dz= g =a
t; a-1

z i
d = = .
* o (14292 T

We havet; = (lf—;)l/“ fori =1,2,..,m

Substitute the values of equation (4.1) and (4m2) i
equations (3.4) and (3.5), we have the modified

likelihood equations are

or )i(%i _ﬁlizi)
i=1

- al _ (a— 1
ou  ou B
m
a
+EZ(2 + T'L')((le. + ﬁ’zizi) =0
i=1

1

ﬁ Z (a — l)ali —a(2+ ri)azl.]
i=1

1m
+EZ¥W‘1W“

i
+ a(Z + T'i)ﬁzi]Zl’ =0

TR A+ B, 87 = 0 4.3)

WhereA; = [(a — Day, —a2+ ri)azi] and

8; = [(@ = DBy, + a2 + 1B,
Therefore

*zwz (50

l

Al ——Z(SIxL Bzzfm_o
ﬁZA Z5xL+MQ_0

i=
Z Ai Zi:15ixi —

M

BT TR
Hence,
w=K-AF  (44)

whereQ = Y™, 6, ,A = Z‘QlA‘ and K = Zi=10% stl

az* al m a-—1

aﬁ aﬁ - ;(ali _ﬁlizi)zi
+g2(2 + T'L')((le. + ﬁzizi)zi =0

> ——— —Z[(a 1)or1 a2 +n)a,, ]zl

ﬁZOHD&

+a(2-i-rl)ﬁ2 ]Zl =0
) e

xi—K+K+u) 1
B

2
M) —0

5; (—"i"{;’("‘)2 =0

m

—E i=1

(Kﬁ—z D) Z Al

i=1

—%i 6i(; — K)? —

i=1
Y —
g, o -5y

2 6i(x;—K)=0
Since Y., 8;(x; — K) = 0 and using equation (4.4)
We have,

B+F———O=>mﬁ2+Bﬁ C=0

Therefore we have,

B =
whereB = Z 1A(x; — K)

andC = Z - 5i(xi - K)z
It should be mentioned here that upon solving
equation (4.5) fof, we obtain a quadratic equation
in B which has two roots; however one of them
dropouts sincg® > 0. For skewed distribution = 0,
off-course the divisor2m may be replaced by

2/m(m — 1) to reduce the bias if any. & > 0 for

Ai(xl- - K) +

:m+ 1
B B*L
i=1

(4.5)

—B++BZ+4mC

(4.6)
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anyi = 1,2,...,m the§ is real and positive. (Tiku ad From these expressions of observed Fisher

Akkaya, p.29). Therefore, information, we can obtain asymptotic variancehsf t
— _ —B+/B2+amc approximate MLE (instead of basing it on the
B = 2,/m(m-1) (4.7) expected Fisher information). Unfortunately, thaetx

The appropriate MMLES in (4.4) and (4.7) maymathematical expression for the expected Fisher
provide as with a good starting value for the iigen information is difficult to obtain.

solution of the likelihood equations (3.4) and §3.5
921 a-1 m _ a m
E (_ _2) = (_) iz, E(—(2) 9+ (p) m2+

5.0BSERVED FISHER INFORMATION, "Ziﬂr ay _’i; oz 2a-2
RELIABILITY CHARACTERISTICS, ri)E{ & “(Hjl_a)z ad }
CONFIDENCE INTERVALS AND 221 m a1 @\ wm
COVERAGE PROBABILITIES E(- W) =—mTm (?) + (p) 12+
Using the log-likelihood equations in (3.4) and5})3. rl-)E((HZZ‘#)Z)
we obtain the observed Fisher information as 021 o2
1 _ (_ auaﬁ) - (ﬁ) =12+ rL)E((1+z )2)
"”‘i ) a One has to study the estimates and their asymptotic
e 1”1( )+EZ§11(2 + variance-covariance matrix through Monte Calro
a +Zia)(a_1)zia—2(__1)_Zia—1azia—1(—_1) simulation techniques. Therefore, the observedefish
7, b £ information matrix which is given by
(1429 221 921
T 9uz audp
%l (a-1\ wm 2 @\ om Iy(6) = al;l gzl (5.7)
>z (_) ie1(z) ™% — (_) (2 + — -
ou? B2 B> apo a2 PRSP
(1+z;%(a-1)z;* 2 —az;>%~? # . u=pp=p .
Ti){ (142,92 } (5.1) Hence, the variance-covariance matrix becomes
2L _m (a_—l) _ (a_z) (24 7) A5 I,7*(9). Alternatively one can use the equations (5.4-
gz~ p2 B2 p2) ~i=1 Ti (1+z a)z 5.6) to obtain observed Fisher information matrix
(5.2) because asymptotically MML estimators and ML
2’1 _ _a-lgm -2 (=% estimators are giving same results. The MLEs of
=¥ (-1 (z) % (Z) - (a —
ouop Z 11( @) ( B ) ( reliability R(t) and hazard rate(t) can be evaluated
DYZizt (— P) + using invariance properties of MLEs as
eym (34 R(x)=——2;x>pa>0>0 (58)
pois E=D)
(1+2;%) (a-1)2;%~ 2(—%) —z;41 z“‘l(_?zi) afx-m\ &1
yi) (1+2;%)2 + (x) E(T)
i hx) =2L=2=8FL’ - x>[4a>0p>0(5.9)
(—a) m @+r) a1 R(x) 1+(X #)
5z ) Li=1 o Zi . B . . .
p2) == ) (1428 (@e1)2,01 —7,20-1 7,41 A two-sided normal approximate confidence interval
=_P m@2+ 1){ : (1l+zl-a)21 —+ for the parameters and g are
a—-1 ~ N
et A+ 7\ [varg (i) and B + 2, [vary(B),
2 _ (a_z) m @) g1 (5.3) respectively. Also, the Monte Carlo simulation ¢en
oudp p2) S1=1 (14,2 1 ' used to find the Coverage Probabilities (CP)
We derive the similar expansions for the appropriat =~
likelihood equations (4.3) and (4.5): Ch, = [W)| 25/2] and
a2 -1 m
16; (5.4) B
o sz) o ) cpy = P ||| < 7, (5.10)
o =~ ()2 8 (5) + Bz (7)) + Jrern®) |
{(%) Y™ (8,:22) ( ) +3m (8,2 )(ﬁi)} Wherez(/.2 is thg uppet /2 percentile of the standard
n ) , normal distribution.
= g + (ﬁ) =1(Qizy) — (Bz) 21(6:2;°)
(5.5) Acknowledgement: This research is funded by
xr University Grant Commission (UGC) for Minor
oudp — Research Project (F.37-549/2009(SR)).

/N

) (1m0 + 20 () =

ﬁ;A ) a (ﬁ) 2it1(6:z;) (5.6)

i

—~
IE]
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